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We produce an existence result for the nonlinear complementarity problem 
associated to a weakly locally compact convex cone K in a Banach space E and to 
the difference J- F of two nonlinear operators. We specialize our result to the case 
where K is a so-called Galerkin cone, J is the duality mapping, and F satisfies a 
suitable growth condition. Applications to the fixed point theory and to eigenvalue 
problems conclude the paper. TX 1991 Academic Press. Inc. 
1. INTRODUCTION 
In what follows E stands for a real normed Banach space and E* for its 
norm dual. We denote by (f, x) the duality pairing between elements 
SE E* and x E E and we use the symbols “-+“, “-,” and “K” to denote the 
norm-convergence, the weak convergence, and the weak star convergence, 
respectively. 
Let T (not necessarily linear) map a closed convex cone Kc E into E *. 
We are concerned with the nonlinear complementarity problem NCP (T, K), 
relative to T and K, 
find X E K such that T(Z) E K+ and (T(x), X) = 0. 
Here, K+ is the dual cone to K and is given by 
K+ :={ScE*: (f,x)3OforallxEK}. 
Since K is a cone, it is easily observed that NCP (T, K) is equivalent to 
the variational inequality VI (T, K), 
IindxEK, (T(Z), y--X)>0 for all y E K, 
* This work was partly carried out while the author was visiting the University of California 
at Santa Barbara. 
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Our aim in this paper is to solve NCP (T, K) in the particular case 
where T := T, - T, is the difference of two nonlinear operators without 
supposing, as in [18], that T, are Gateaux derivatives of given functionals 
‘Pi. 
In the first section we produce all the tools we need for solving 
NCP (T, K) when K is a weakly locally compact cone in E. The proof is 
based on a HartmanStampacchia type result for which the continuity 
assumptions on the operator T have been weakened in order to apply 
Fan’s geometric formulation of the minimax inequality theorem. 
Then basic results on the geometry of Banach spaces and the duality 
mapping between E and its norm dual E* are quickly surveyed and some 
of its properties are proved. 
This permits us in the following paragraphs to transform results a priori 
valid in Hilbert spaces into results valid in more general Banach spaces. 
This is done via the Galerkin approach. 
Finally we give some applications to the fixed point theory and to eigen- 
value problems. 
2. AUXILIARY RESULTS 
We need the following two results. The first one is a consequence of the 
Fan minimax inequality theorem and reads as follows: 
THEOREM 1 (Hartman-Stampacchia [27]. Let E be a reflexive Banach 
space and KC E be a weakly compact nonempty convex set. Suppose 
T: K -+ E* satisfies: 
G-4 for each {x,),,~ c K weakly convergent to -U, we have 
T(x,) s T(X); 
(b) x -+ ( T(x), x ) is sequentially weakly lower semi-continuous on K. 
Then VI (T, K) has a solution. 
Following J. Guillerme’s suggestion, we may simplify the original proof 
in [27] by using the geometric equivalent form of Fan’s minimax 
inequality theorem: 
PROPOSITION 2 (Fan). Let X be a convex nonempty set in E. Let 
A c Xx X and suppose that 
(i) (x,x)~A,for each XEX; 
(ii) Ax := (YE X: (x, y) E A } is closed, for each x E X; 
(iii) {xEX: (x, y)# A} is convex for each YEX. 
Then, there exists some j E X such that Xx { j} c A. 
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Proof of Theorem 1. Set A := { ( u,u)~KxK: (T(u),u-u)<O). Then 
(i), (iii) hold obviously. Let x be fixed and pick { y,,j c AX. 
Since K is weakly compact, we may extract a subsequence ( Y,~,} with 
- V E K. Since y,, E Ax we have ( 2-( .r~,,~ )  1,~~ ) d ( T( Y,?~), x) which 
$lds using assumptions (a) and (b), 
Hence, ( T(j), j - .X ) < 0 and j E Ax. By Eberlein’s Theorem this proves 
(ii), and Proposition 2 provides one j E K such that (x, j) E A for each 
x E K, i.e., such that j solves VI (T, K). [ 
The second result gives a useful decomposition for a locally weakly com- 
pact convex cone, which permits us to deal with the weak topology in 
existence results for the nonlinear complementarity problem. 
THEOREM 3 [4, 191. Let K he a convex closed cone in E. Then K is 
locally weakly compact, if and only if we may ,find a weakly continuous 
sublinear functionul g on E and a constant C> 0 such that B := 
(x E K: g(x) = I} is weaki-v compact and 
g(x) 3 ClI4 for each x E K. 
3. AN EXISTENCE RESULT 
THEOREM 4. Let K be a closed \j’eakl-y locally compact convex cone in a 
reflexive Banach space E and let T, (i = I, 2): K -+ E* satisfy the ,followling 
conditions: 
(a) IfT=T,-T,, thenfor each {x,},,,,cKsuch that x,-X, then 
T(x,) L T(X); 
(b) The functions x -+ (T,(x), x) and x -+ (T,(x), x) are respectively 
sequentially weakly lower and upper semicontinuous; 
(c) T, is positively homogeneous of order p and (T,(x), x) for all 
XE K, x#O. 
(4 lim ~~~~~~~~~ + +3c,rGK <T,(x), x)/II-4”” do. 
Then, NCP (T, K) has a solution. 
Proof. As recalled in Proposition 3 above, since K is a closed weakly 
locally compact convex cone, we may find a sublinear weakly continuous 
functional g on E and C > 0 such that 
g(x) 3 Cllxll, xeK (1) 
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and 
K= u {xEK: g(x)<n}. (2) 
IlGN 
Set C, := (x E K: g(x) < n >. Then C, is a weakly compact convex set which 
contains the origin and by virtue of Theorem 1 and conditions (a) and (b), 
we may find x, E C, such that 
( T(x,), y - x, > 3 0, Y E c,, . 
In particular, for y = 0 we obtain 
( T,(x,), x, > 6 ( T2(x,), x, >. (3) 
We claim that the sequence (g(xn)} is bounded. For, suppose this to be 
false. In this event, y, := x,/g(x,z) belongs to the set B := {x E K: g(x) = 1) 
which is weakly compact by Theorem 3. On relabeling if necessary, we may 
assume that { yn} converges weakly to j E B. Hence j # 0 and (c) forces 
(T,(j), j) to be strictly positive. 
From (3) we obtain 
(T,b,), xn> T2(x,), x,> (Tl(Y,)l y,) = [g(x,)]“+’ 6 [g(x,)]p+‘. 
Hence using (1) we obtain 
(4) 
On passing to the Iim inf in formula (4) we derive 
%+I n-t flC 
__ lim sup ( T&J> x, > < o 
llxll 
p+l ’ 
and a contradiction. 
So, as claimed, (g(x,)} is bounded and according to (1) this implies that 
{x,,] is also bounded in K. By the Eberlein Smulyan Theorem, on relabel- 
ing if necessary, we may assume that {x,} tends weakly to X E K. 
Choose an arbitrary ye K. Then by (2) there exists VE N such that 
y E C,; i.e., g(y) < v. Since {C,} is a chain with respect o the inclusion, we 
also have y E C, for each n >, v. 
409/154.‘2- 19 
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Since x, solves VI (T, C,), this yields ( T(x,), y -x,) b 0 for each n B v; 
i.e., 
(T(xn), x ,> d <T(xn)> Y> (n3v). (5) 
Since by (a) T(x,) x T(x), the right-hand side of (5) tends to (T(Z), y). 
Hence by virtue of (b) we obtain 
(T(X), X> < lim inf ( Y(x,), x,, > d ( T(Z), y >, ne +3c 
and therefore (T(Z), y - 2) > 0 for each y E K. Since K is a cone, as 
already observed, this implies that X solves the problem NCP (T, K), as 
desired. 1 
4. THE DUALITY MAPPING 
Let r -+ q(r) be a strictly increasing continuous function, that maps R + 
into R + and such that lim, _ + 3c q(r) = + co. If 11 I\* denotes the dual norm 
of the given norm 1) 11 on E, the duality mapping J between E and E* with 
respect o cp is given by 
J(0) := 0, 
4~) := IfeE*: Ilfll*=c~(Il4)and (f, u> = Ilfll*Il4, u#O}. 
(6) 
For example, if E=LP(Q) with Ilull = (Jn lulp dx)““, cp(r)=rPp’, then 
J(u) = Iz.4 p-2u. Obviously J depends upon the given norm on E. By 
Asplund’s characterization of J, if ~6 stands for the convex subdifferential 
operator [23], then 
J(u) = ~w(ll4) for Ii/(u) := j: du, 
i.e., 
As a result, it follows from convex analysis, that J is in general a 
set-valued mapping with nonempty convex closed values. 
Let us note that when the norm on E is Giteaux differentiable, i.e., when 
lim,,,( 1(x + thll - llxll)/t exists for each x E E and each direction h, by the 
chain rule, f(x) := $( llxjl) is Gateaux derivable and its Gateaux derivative 
agrees with J(x) which is a singleton. 
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E is said to be uniformly conuex (UC in short), whenever ix,{}, {y,,} are 
sequences in E such that llx,,ll = 11 Y,~/I = 1 and 11x,, +y,!ll + 2, then 
11x, - y,,II + 0. Each UC space is reflexive and the prototypes of UC spaces 
are the spaces lp and Lp (1 < p < + w). 
If E* is UC, then it is strictly convex (SC in short), 
Since E* is reflexive, this property is equivalent o the fact that at most one 
closed supporting hyperplane passes through each x E E or also that II I/ is 
Gateaux except at the origin. Hence, when E* is UC, J is single-valued. 
If E* is UC, then E is reflexive as is E*, and as is well known 
(Troyanski, Aspiund) E admits a renorming (i.e., an equivalent norm) 
which is locally uniformly convex (LUC in short): whenever ix,,} c E and 
XE E satisfy IIx,II = llxll = 1 and (Ix,, +x11 + 2 then x, +x. 
In particular each LUC space is Kadec: for each {x,~} c E such that 
IIx,II -+ llxll and x,-x then x,-x. 
Using Asplund’s averaging procedure [a], we know that a reflexive 
Banach space with UC dual has a renorming such that E is LUC and is 
dual UC. As a result, we may assume in what follows that E is LUC while 
E* is UC, as are each Hilbert, each fp and Lp (1 < p < + co) and each 
Wk9p(Q), where Q is open in RN and 1 <p< +a. 
In this framework, let us briefly recall some usual properties of J. 
(PI) <~~~~-~~y~~~-y~~~cp~~~~li~-(~~li~ll~~ll~ll-llyll), x, GEE. 
In particular, (J(x) - J(y), x - y ) 3 0: J is monotone. 
( Pz) J is norm-continuous. 
(P3) J is of type (S+): If {u,,} c E satisfies u,--u, J(u~)-~ and 
lim n+ +a sup J(u,), un> d (A u), then there exists a subsequence {unkf 
such that f = J(u) and u,, -+ u. 
Let us show ( P3). From the inequality (J(u,,), u, - u) = (J(u,), u,) - 
(J(u,), u) we obtain 
lim suP(44), 4--u) d lim sup(J(u,), u,) - (,h U) ~0. n- +cc n- +m 
Since by (Pi), (J(u,), u, - u) 3 (J(u), u, - u), using the fact that u, - u 
we obtain 
lim (J(u,), u, - u) = 0. (8) n-t +% 
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Let il := (1 - t)u + tv, t E 10, 1 [. Then we have 
Since, 
(J(u,)-J(U), u,-U)>O. 
t(J(u,), u-o)> -(J(u,), u,-u)+ (J(U), u,-u)-t(J(ti), v-u), 
(8) yields 
lim inf<J(u,), u-v) 2 (J(E), u-v) 
?l+m 
and using (P2) we derive 
lim inf (J( u,, u-v)>(J(u),u-u). 
n--t +3C (9) 
Hence, for each v E E we have 
<J(u),u-o)Gliminf(J(u,),u-v)<(f,u-V) “-CC 
and therefore f = J(U) as claimed. 
From (8) we know that lim, _ + r (J(u,), u,) = (J(u), u). This yields 
lim (J(u,)-J(u),u,-u)=O, (10) n-r +m 
and therefore by virtue of (PI) we obtain 
lim (Il~,ll - Il~ll~~rp~ll~,ll~-cp~ll~ll~=~. 11- +cc 
As a result, 0 is a cluster point of {ilu,,ll - 11~11) or of {cp(llu,ll)-cp(llull)} 
and since cp is strictly monotone and continuous, we may therefore extract 
a subsequence { x,~} such that IIx,J tends to IIxII. Since the norm is 
supposed to be Kadec, this implies that {xnk} tends to x, as desired. 1 
5. APPLICATIONS 
A closed convex cone KC E is termed a Galerkin cone if there exists a 
sequence (K,} of convex subcones such that, 
(i) K, is (I (I-locally compact for each n; 
(ii) if n<m then K,,cK,,,; 
(iii) K= UneN K,,. 
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It can be proved [3,25] that statements (ii) + (iii) imply the Mosco- 
convergence of {K,) to K, and {K,) is therefore an internal approximation 
of K in the sense of Attouch [3]. Since E is reflexive and LUC it is in par- 
ticular SC, and therefore, we may define the metric projection P, (resp. PK) 
onto the closed convex set K, (resp. K): 11x-- P,(x)11 = inf,. K, J/x- yll. As 
shown by Sonntag [26], this mean that in P,(x) + Pk(x) for each XE E. 
As a result, P,(x) + x for each x E K. 
Observe that when E is separable Hilbert space with an orthonormal 
basis {e,}, if E, :=span{e,, . . . . e,} then lJnEN E, is dense in E. Therefore 
every closed convex cone is a Galerkin cone. The same fact occurs more 
generally when E is a separable Banach space. Indeed, as described in 
Attouch [3], if {x,,}~~,,, is a dense sequence in E, then K = U, E ,,, C,. With 
c,=W{Pp(x,), . ..) Pk(x,)}. Since C, is a closed convex set in K and K is a 
closed convex cone, if K, is the closed convex cone spanned by C,, then 
K= Uneiv K, and K is therefore a Galerkin cone. 
THEOREM 5. Let E be LUC and E* be UC. Let K be a Galerkin cone in 
E, and T: K + E* be of the form T := J - F, where J is the duality mapping 
as defined above, and suppose that F satisfies the following conditions: 
(i) F is norm-continuous; 
(ii) for every weakly bounded sequence {x, 1 c K, ( F(x,) } admits a 
norm-convergent subsequence; 
(iii) lim ~~~~~~~~ _ +a.rEK <F(x), ~~>lllxll p+‘<O. 
Suppose furthermore that the extra condition is ful$illed: 
(iv) there exist r, C>O such that, JJx/J >r implies cp(JJxJJ)> CIJxJJ p, 
where cp is the function used in defining J in (iv). 
Then, NCP (T, K) has a solution for T = J - F. 
Proof: Since E* is UC, J is norm-continuous as T is, and therefore a 
simple review of the proof of Theorem 4 shows that we may find x, E K,, 
such that 
(F(x,), x,> = (J(x,), x*>. (11) 
We claim that (xn} is bounded. By reductio ad absurdum, if this event 
fails, then (11) yields 
(F(x,)> xn> <lim sup (F(x), x> 
* =2L cp(llx,Il)llx,II ’ 11.r~~;7K+m cpM)llxll’ 
(12) 
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Hence (iv) yields 
1 < lim sup (F(x), x > 
,,‘“;;Kf % cp(llxll 1IIXII 
d 0, 
a contradiction, 
Since E* is UC, it follows that E is reflexive. Relabeling if necessary, we 
may thus suppose that (xn} tends weakly to XE K. In particular {xn} is 
norm-bounded. Since also, 9 is strictly monotone and I1J(x,,)li * = cp( l/xnll), 
then /IJ(xn)(l* is norm%ounded. So without loss of generality, we may 
assume that J(x,) - UE E* and since F satisfies (i) and (ii), we may also 
suppose that F(x,) + v E E*. Hence (11) forces lim(J(x,), x,) to exist and 
to be equal to (x, 0). Set X,, := P,(x). Since X, solves NCP (r, K,,), it 
also solves VI (T, K,). Furthermore, since K, is a convex cone 
-, .= X, + x, E K,,, and therefore ‘n. 
0 d ( Tb,), z,, - x, > = ( Tb,,), -f,, >. 
In particular, 
<F(x,), %I> d (4x,), -f,,>. 
Since {X,,} -xEK, we have (u, x) d (u, x). Hence, 
(13) 
lim (4x,), x,*> < (u, x). (14) tz- +r 
Equation (14) combined with (P3), implies that there exists a subsequence 
{xnk} such that lim,, + m xnk = .x and u = J(x). Hence, 
(Jb), x> =cp(llxllN~ll =d lim k- +% Ikll) lim Ib,,,Il k+ +.a 
= (u, x) = (F(x), x). 
Therefore, ( T(X), x> = 0. 
Now, pick z E K arbitrary, and set z, :== P,(z). Since (T(x,,), z”,) 2 0, 
F and J are norm-continuous, T(x,,) + T(x) while z,~ + z. Hence 
(T(x), z) 3 0 and therefore x solves NCP (T, K), as desired. 1 
Remarks. (1) Since E is reflexive (ii) is equivalent to (ii) bis: For each 
A c K, A bounded, F(A) is 11 II-relatively compact. 
(2) Condition (iv) applies trivially for q(x) = crp (c = q( 1)). 
COROLLARY 6. Suppose E is a Hilbert space and KC E is a Galerkin 
cone on E. If F: K + K fulfills the following conditions: 
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(i) F is norm continuous; 
(ii) for every weakly convergent sequence {x,,} c K, { F(x,)} admits a 
norm convergent subsequence. 
(iii) lim supIl.rlI - + I,.rE K (F(x), -~>lllxl12 GO. 
Then F has a fixed point. 
Proof. Set T(x) := x - F(x). The preceding result applies for p = 1 and 
we obtain one X E K such that (X-F(x), y-x) 2 0 for each y E K. In 
particular, for y= F(x) we obtain - liF(x)-xl~‘>O and therefore 
X = F(2). 1 
Remark. Corollary 6 applies in particular whenever K is a closed 
convex cone in a separable Hilbert space. 
COROLLARY 7. Suppose the assumptions of Corollary 6 are fuljZled. 
Then for any given A > 0 and 2 E K, the equation x = IF(x) + y has a solution 
x E K. 
Proof Set F(x) := ;IF(x) + y. Then, 
lirn sup (B(X), X) = 3 lirn sup (F(X), X> < 0. 
““!~K+m ll.412 b~~.‘l’;;~” lIxI12 ’ 
Hence, Corollary 6 applies to derive a fixed point for F which obviously 
solves the equation x = iF(x) + y. 1 
An operator F: E -+ E* is called (w.s.) compact if it satisfies conditions 
(i) and (ii) of Corollary 6. 
COROLLARY 8 (Shinbrot [24], Altman [l] Type Results). Let K be a 
Galerkin cone in E, which is supposed to be a Hilbert space, and let B: be 
the closed ball in E with radius r > 0. Then every (w.s.) compact operator 
F: K + K which satisfies the extra condition: 
(IV) 36>0, (F(x),x)<(1.6)ilxl12for each XEK, IIxII=r 
has at least one fixed point X E B: n K. 
Proof Let r > 0 be fixed and define t : E + B: by setting 
I X, if llxll d r 
t(x) := 
i- l;Y;i 
if llxll 3 r. 
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Then t is nonexpansive: lit(x)- t(y)11 d l/x- yll (x, GEE) [lo], hence t is 
continuous. Set F: = Fo t: K -+ K. For llxll 3 r, a simple calculation shows 
that 
<&L x> = (J’(rxlll4 ), rx/IIxII ), rxlllxll > ’ 
ILlI 
=- 
r II4 
(F(u)’ ” (Ilull = y) 
I/xl/ Ilull 
from which we obtain by virtue of (IV) (F(x), x)/~/x~)~G (r/llxli)(l -6). 
Hence lim sup ,,X,, _ +z,xtK(F(~), x)/ilxl12<0 and Corollary 7 provides 
one XE K with F(Z) =X. If llXl1 > r, then from the relation 
F(X) = F(rZ/llfll) = X, setting u := rZ/llZll and 1” := r/l/.f/l, we obtain IIuIl = r, 
0 < I < 1 and ,?F(u) = U. According to (IV) this yields 
Hence ,4 3 1 and we obtain a contradiction. This implies that X E K n B: 
and therefore X = P(X) = F(Z). So, as desired, .? is a fixed point for F. 1 
COROLLARY 9 (Cf. Dajun [9] and Cronin [8] Type Results), Let K be 
a Galerkin cone in a given Hilbert space E, and let F: K -+ K be a (w.s) 
compact operator which satisfies the conditions 
WI lim suPli.xil -O.xtK II~(~)lllll-4 = 0 
and 
(VI) F(O) # 0. 
Then for every A >O, there exists xj, E K\(O) such that F(x),) = Ax, and 
lim A+ +m IIxA = +KJ. 
Proof: Set P := F/A. Then for a given ,4 # 0, by virtue of (V) there exists 
some r > 0 such that /E’(x)// = (l/L) IiF( < (Ix/( if (Ix// = r. Hence, 
Corollary 8 provides a vector x1 E K such that F(xJ = xj~, i.e., F(x,) = Ax, 
and furthermore x, # 0 since (VI). 
Assume there exists {x~.} such that F(x,J = ,$,x2” and IlxnJ <A (A > 0). 
Then, on relabeling if necessary, may assume that lIx,J -+ I E [0, A]. 
Since %, = IIF(xi,)ll/llx,J + 00, necessarily by (V) IIx,,II + 1 >O. Hence, 
for n large enough we have IIxJ > l/2, and if M := sup,,,,, GA ilF(x)ll, this 
yields ;C, d 2/l. /I F(x).“) 11 6 2/f. A4. This contradicts 1, + +co, and therefore 
lim 1 _ + 3. llxlI/ = + co, as claimed. 1 
An interesting domain of applicability of our results, is when F admits an 
asymptotic derivative F, E L( E, E* ), 
lim IIFWW4*=0 
ll”ll~--; K’ 02 llxll . 
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Then for each E > 0, there would exist some R > 0 such that 
IlF(x)ll* 6 (& + IIF, II L(E,E’J I/XII, 
and therefore for p> 1, lim,,,,,, +m,xtK(F(~), x)/ll~l~~” =O. 
More generally, if 0: IL! + + R, satisfies 13(t) > 0 for each t b y (y E R + ), 
we say following [28] that F is &asymptotically bounded whenever there 
exist r, CE R+\(O) such that 
x E K II4 2 r = IIF(x)ll * G 4 II.4 ). 
For example, we may think to the mapping t -+ Q(t)= tU (a>O). If 
moreover, lim, _ + nj e(t)/t” = 0, condition (iii) of Theorem 5 works 
although the operator F may be strongly nonlinear. 
Some applications of that concept to the nonlinear complementarity 
problem will be developed in a forthcoming paper by G. Isac [21]. 
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